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ABSTRACT
We perform a generalised Scherk-Schwarz reduction of the eective action of the het-
erotic string on T 6 to obtain a massive N = 4 supergravity theory in four dimensions.
The local symmetry-group of the resulting d = 4 theory includes a Heisenberg group,
which is a subgroup of the global O(6; 6 + n) obtained in the standard reduction. We
show explicitly that the same theory can be obtained by gauging this Heisenberg group






Dimensional reduction is a key to understanding the interplay between various dualities
in string theory. Many results in the eld of string dualities have been obtained using
standard toroidal reductions. Recently there has been a renewed interest [1, 2] in the
generalisation of toroidal reduction introduced long ago by Scherk and Schwarz [3]. Its
basic property is that it allows a certain dependence of the elds on the coordinates which
are wrapped around the torus. The result is usually that parameters with the dimension
of mass are introduced into the resulting theory.
A nontrivial feature of the Scherk-Schwarz reduction is that, although before reduction
some of the elds depend on the torus coordinates, the reduced theory is independent of
these coordinates. To achieve this one species the particular dependence of the elds on
the torus coordinates by using a global symmetry of the theory. In the original work of
Scherk and Schwarz, the global symmetry used for this purpose was a compact subgroup
of the internal symmetry group of the theory. In [4] the Scherk-Schwarz mechanism in
this form was applied to the eective action of the heterotic string on T 6 to obtain a
gauged d = 4; N = 4 supergravity theory with a positive semidenite potential, similar
work on d = 11 supergravity and M-theory was done in [5, 6].
Almost coincident with the work of Scherk and Schwarz, it was realized that super-
gravity theories have extra noncompact global symmetries [7]. It is natural to ask oneself
whether one of these extra global symmetries can be used as well in the Scherk-Schwarz
mechanism. Recently, it has been shown that indeed this can be done in the reduction
of IIB supergravity to nine dimensions [1]. The motivation of [1] was to establish duality
rules relating type IIB supergravity to the massive version of type IIA supergravity [8].
The relevant noncompact symmetry used was a particular SL(2; R) symmetry involving
the Ramond-Ramond scalar of IIB supergravity. Basically the RR scalar ‘ was replaced
by ‘0 = ‘ + my, where y is the coordinate over which one reduces. The fact that this
global shift of the eld ‘ is a symmetry of the ten-dimensional action ensures that the lin-
ear y-dependence disappears in the reduction. The nine-dimensional theory then contains
the massive parameter m.
The purpose of this letter is to show that the noncompact symmetry used in [1] can
also be applied in a more general context involving more scalars. To be explicit, we
will start with the standard toroidal compactication of the heterotic string eective
action on T 5 [9]. This theory has a global O(5; 5 + n) symmetry4, which we use in a
Scherk-Schwarz reduction to d = 4 thereby giving a linear x4-dependence to n+ 8 scalars.
We nd that the Scherk-Schwarz reduction induces a local nonabelian symmetry in the
resulting N = 4; d = 4 supergravity theory. We establish that this generalised reduction
is equivalent to the gauging of this nonabelian group in matter-coupled N = 4; d = 4
supergravity [10].
Let us rst give an example of our use of the Scherk-Schwarz mechanism. Consider a
4For the heterotic string n = 16. It is convenient to keep n arbitrary.
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For b = 0 and a = d = 1, we have a 1-parameter subgroup isomorphic to (R;+). The
real components of ^ transform as ^1 ! ^1 + c and ^2 ! ^2. We use this subgroup in the
generalised reduction. The spacetime coordinates are divided as x^(D) = (x(D−1); y) and
the generalized reduction rules for the scalars become
^1(x^) = 1(x) +my ; ^2(x^) = 2(x) : (3)






























The derivative D is dened as D1 = @1 −mA. The modular symmetry is broken
down to a one-parameter local subgroup, for which D is the covariant derivative6:
1 = m(x); A = @(x) : (5)
The gauge eld A has become massive, as can be seen by going to the gauge 1 = 0.
In this example it is straightforward to see that this result can also be obtained by
rst doing a standard reduction and by then gauging the appropriate one-dimensional
subgroup of SL(2;R)=Z2 in d− 1 dimensions. Note however that by doing this one does
not recover the dilatonic potential. If this example is embedded in a supersymmetric
theory, the potential can be recovered by requiring supersymmetry.
In the next section we will consider a similar, but more complicated example. A
basic dierence with the above example will be that, after reduction, three instead of one
symmetries receive m-dependent modications. Correspondingly, this example involves
the gauging of a three-dimensional group, which turns out to be the Heisenberg group.
5This example is similar to the reduction of the type IIB string in [1].
6Throughout this paper we will use  to indicate nite transformation, dened for any eld F by
F = F 0 − F , where F 0 is the transformed eld. We will use  for innitesimal transformations.
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2. Generalized reduction
We carry out a standard reduction of the low energy eective action of the heterotic
string on T 5 to obtain the ve dimensional N = 4 supergravity theory. The action for



























































Here M^−1 is an element of O(4; 4 + n), containing 4(4 + n) independent scalars, and
L is the invariant metric of O(4; 4 + n). ‘^2 equals ‘aLab‘
b. The indices have the range
i; j = 1; : : : ; 10 + n, a; b = 1; : : : ; 8 + n.
For the Scherk-Schwarz reduction we use the subgroup of O(5; 5 +n) under which the










Under these transformations M^ ! !^M^!^T 8, which implies that ‘^a ! ‘^a + a, while M^
and ^1 are invariant. The vector elds transform as A^^ ! !^A^^. Writing out A^ in terms
of n + 8 vectors V^ a which transform as a vector under O(4; 4 + n), and vectors A and
B which are Kaluza-Klein and winding vectors obtained in the reduction from six to ve
dimensions, we get the following transformations under !^:
‘^a ! ‘^a + a ;
A^^ ! A^^ ;











7The hats indicate ve-dimensional elds and coordinates, the absence of a hat implies that the
corresponding object is four-dimensional. We use the notation and conventions of [11].
8Recall that M^−1 = LM^L, where L is the O(5; 5 + n) invariant metric.
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In the implementation of the Scherk-Schwarz reduction to four dimensions we include
in the relation between four- and ve-dimensional elds a dependence on the fth co-
ordinate y, by choosing  y-dependent. The generalized reduction rules, expressing the
5-dimensional elds in terms of 4-dimensional ones, become
g^ = g − (2)
2A(2) A
(2)
 ; g^y = −(2)
2A(2) ;
g^yy = −(2)




‘^a = ‘a + a(y) ; ^1 = 1 ; M^ = M ;
A^ = A + aA
(2)
 ; A^y = a ;
























a − a(y)a) ; V^ ay = v





















[ B] − bA
(2)






In the reduction we will generate in the action terms proportional to @y
a, at most to the
second power, so that the y-dependence disappears in four dimensions when a = may.
























As expected we nd the local symmetry ‘a = ma(x); A(2) = @(x), with (x) an
arbitrary function of the four-dimensional coordinates. We also obtain a scalar potential
that depends on the O(4; 4 + n) scalars and, in the full action, on the dilaton.







































































Here M−1 is the same matrix as (7), but now without hats. The 10 + n scalars zi
correspond to a; b and va, z2 is now ziLijzj .
The 3-form strength tensor H can be written as

























@b−maLab(V b + v
bA(2) )
@v











































3. Symmetries of the reduced action
The gauge transformations of the vector elds A(2) ; A and V
a
 , with parameters ;  and
a, respectively, that leave the action (18) invariant obtain ma-dependent modications.
To determine them, one should use the fact that the parameters ^; ^ and ^a corresponding
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to the gauge transformations of the vector elds A^; B^ and V^
a
 , respectively, are reduced
as follows:







^a = a − yma :
Using this, we nd that the ma-modications in the transformations, which we call  ; 
and , respectively, take on the form:
A
(2)
 = @ ; B
(2)
 = 0 ;










aA ; B = −B
(2)
[ @] ;






a = −maa ; ‘a = ma :
A
(2)













aA(2) ; B = −A[@]−B[@] ;
a = 0 ; b = 0 ;
v
a = −ma ; ‘a = 0 :
A
(2)









a ; B = −LabV a[@]
b ;




a = 0 ; ‘
a = 0 :
(20)
Note that the  transformations are determined by performing a general coordinate
transformation in ve dimensions in the y-direction, with parameter (x). The remaining
gauge transformations that do not obtain ma-dependent modications are given by:
B = @ ;
γB
(2)
 = @γ ; (21)




The generalised reduction has broken O(6; 6 + n) invariance to an O(4; 4 + n) global
symmetry, which acts in an obvious way on the four-dimensional elds.
The local innitesimal transformations  ,  ,  , γ and  satisfy the following
algebra:
[; ] = 0 ; 
0a = ma ;
[; ] = γ0 ; γ
0 = −maLabb ;
[; ] = 0 ; 
0 = −maLabb ;
[; any] = 0 ; [γ ; any] = 0 :
(22)
We see that the symmetries with parameters ; ;  form an inhomogeneous Heisenberg9




[T; T] = m
aLabT
b
 ; [T ; T
a
 ] = 0 ; [T; T
a
 ] = 0 : (23)
Note that the only nontrivial commutation relation in this algebra involves the combi-
nation maLabT
b. This can also be seen from the ma-dependent terms in the transfor-





eectively the nonabelian group which emerges from the Scherk-Schwarz reduction is
three-dimensional.
4. Equivalence with a gauged symmetry
We will now show that (18) can also be obtained by starting from ma  0 (the standard
reduction) and by gauging an appropriate subgroup of O(6; 6+n). This will give all terms
in (18), except the scalar potential, which will be obtained by supersymmetry.
Using indices I; J = 1; : : : ; 12 + n as in (12), and by considering the algebra (22) we
obtain structure constants fIJ
K :
f3b
2 = maLab ;
fb1
4 = maLab ; (24)
f13
a = ma :
Here the directions 1,2,3,4 and a correspond to the symmetries with parameters ; γ; ; 
and a, respectively. Assuming local transformations of the gauge elds of the form AI =
@
I + fJK
IJAK we recover the modied eld-strengths (12). Since the transformations
of the scalars under global O(6; 6 + n) transformations are given, we are uniquely led to
covariant scalar derivatives in (18).
By gauging the bosonic theory (18) for ma = 0 we do not recover the scalar potential
in (18), since it is gauge invariant by itself. To obtain it we must use the fact that (18) is
the bosonic part of a supersymmetric theory, namely some version of N = 4 supergravity.
9The Heisenberg algebra is the algebra of three operators Q, P and E that fulll the canonical
conmutation relations [Q;P ] = E, [Q;E] = 0 and [P;E] = 0.
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We should therefore be able to obtain (18), now including the potential, from the results
of [10].
In matter coupled N = 4 supergravity the scalars parametrize an O(6; 6 +n)=(O(6)
O(6+n))SU(1; 1)=U(1) coset. The SU(1; 1)=U(1) coset corresponds to the dilaton and
to the dual of B . The scalars of O(6; 6 +n)=(O(6)O(6 +n) can be expressed in terms
of real elds ZIa , where I = 1; : : : ; 12 + n and a = 1; : : : ; 6, satisfying
ZIaIJZ
J
b = −ab : (25)
For our purposes it is convenient to introduce the combination10 ZIJ  ZIaZ
J
a . The
lagrangian of gauged N = 4 supergravity can be expressed in terms of the ZIJ . We give





















The structure constants are dened as fRST = fRS
UTU . We must now show that these
terms are equivalent to the corresponding terms in (18) for the case of the group (24).
First of all note that (25) implies that WRS = RS + 2ZRS is an element of O(6; 6 + n):
WRSSTW
TU = RU : (27)

















f2RUSV TW + 3RUSVW TW +WRUW SVW TWgfRSTfUVW

:(28)
We can now identify WRS = NRS, which gives the correct kinetic term. In the potential
we use that the only nonzero structure constants with lower indices are fa13 = m
bLba.
Using the explicit form of N (14) and  (16) we recover exactly the potential of (18).
This shows that our massive theory (18), obtained by the Scherk-Schwarz method, is
equivalent to a gauged N = 4 supergravity theory.
5. Conclusions
In this letter we perform a generalised Scherk-Schwarz reduction of the eective action of
the heterotic string on T 6 to obtain a massive supergravity theory in four dimensions. Our
implementation of the Scherk-Schwarz method uses a noncompact subgroup of O(5; 5+n)
in the step from ve to four dimensions. We have shown explicitly that this theory can
10These variables were introduced in [12].
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be obtained by gauging a Heisenberg subgroup of the global O(6; 6 + n) symmetry group
of d = 4; N = 4 matter coupled supergravity.
In the Einstein frame, with the dilaton kinetic term normalised to 1=2(@)2, the scalar
potential in (18) appears with a factor exp (), which would be exp (
q
2=(d− 2)) for a
similar analysis in d dimensions. The presence of such a scalar potential, with the same
dilaton dependence, had to be assumed in [13] in order to obtain maximally symmetric
black hole solutions in a d = 5 context. It is interesting to note that the Scherk-Schwarz
procedure, as well as gauging supergravity (see [14] for an example in d = 7), generates
such potentials. In this respect it would be interesting to elucidate further the relationship
between the Scherk-Schwarz procedure and stringy reduction methods11.
Clearly, by breaking the global O(4; 4 + n) symmetry in ve dimensions, there are
further possible shift symmetries that can be used in the dimensional reduction. A study
of these possibilities has been made in [2]. It would be interesting to see whether they
also lead to gauged supergravities in four dimensions and to determine the correspond-
ing gauge group. In this way, a whole class of gauged supergravities could be given a
higher-dimensional interpretation. We do not expect that this can be done for all gauged
supergravity theories. For instance, it cannot be done for the massive d = 10 supergravity
theory of Romans (other exceptions have been given in [2]). It would be interesting to
see whether these exceptional cases can be given a higher-dimensional interpretation by
some other techniques.
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